Approximately Cohen-Macaulay rings  by Goto, Shiro
JOURNAL OF ALGEBRA 76, 214-225 (1982) 
Approximately Cohen-Macaulay Rings 
SHIRO GOTO 
Department of Mathematics, Nihon University, Tokyo, Japan 
Communicated by D. Buchsbaum 
Received June 5, 1981 
1. INTRODUCTION 
Let A be a Noetherian local ring with maximal ideal m and d = dim A. 
The purpose of this note is to study when there is an element a of m such 
that A/a”,4 is a Cohen-Macaulay ring of dimension d - 1 for every integer 
n > 0. Recall that A is Gorenstein if (and only if) there is an element a of m 
such that A/a”A is a Gorenstein ring of dimension d - 1 for every integer 
n > 0 (cf., e.g., 131). Clearly this is not true in the Cohen-Macaulay case. 
However, since such rings are, so to speak, approximately Cohen-Macaulay 
and may be pretty special, it seems interesting to clarify when a given ring A 
has this property. 
Let Assh A = (p E Ass A/dim A/p = d) and put 
U,(O) = n I(P), 
where (0) = CLASS A I(p) denotes a primary decomposition of (0) in A. Let 
Hk(.) stand for local cohomology functors. With this notation the main 
result of this paper is stated as follows. 
THEOREM 1.1. Suppose that A is not a Cohen-Macaulay ring. Then the 
following conditions are equivalent. 
(1) A is an approximately Cohen-Macaulay ring, i.e., the maximal 
ideal m contains an element a such that A/a”A is a Cohen-Macaulay ring of 
dimension d - 1 for every integer n > 0. 
(2) There is an element a of m such that 0 : a = 0 : a2 and A/a’A is a 
Cohen-Macaulay ring of dimension d - 1. 
(3) A contains an ideal I such that I is a Cohen-Macaulay A-module 
of dimension d - 1 and A/I is a Cohen-Macaulay ring of dimension d. 
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(4) A/U,.,(O) is a Cohen-Mucauluy ring and depth A = d - 1. 
(5) (a) H$4)=(0)for ifd- l,d. 
(b) Hom,W~~‘(A)~ EAWm)) is a Cohen-Mucuuluy A-module of 
dimension d - 1. 
(c) The local ring A/p is unmixed for every p E Assh A, i.e., the 
equality dim A/P = d holds for every P E Ass,- AlpA and for every 
pE AsshA. 
In this case the ideal I appearing in assertion (3) is uniquely determined and 
equals U,(O). Here A (resp. E,(A/m)) denotes the completion of A (resp. the 
injective hull of A/m). 
As a consequence of Theorem 1.1 one has the following: 
COROLLARY 1.2. Suppose that A is an approximately Cohen-Macuuluy 
ring. Then 
K,- = Hom,(Hi#), E,(AIm)) 
is a Cohen-Mucuuluy A-module of dimension d. 
These results will be proved in the next section and in Section 3 we will 
analyze the Gorenstein case a little more closely. 
Throughout this paper, A denotes a Noetherian local ring with maximal 
ideal m and d = dim A. 
2. PROOF OF THEOREM 1.1 
We begin with 
LEMMA 2.1. Let a # 0 be an element of m and put I = 0 : a. Assume that 
0 : a = 0 : a2 # (0) and that depth A/u2A > d - 1. Then 
(1) A/I is a Cohen-Mucuuluy ring of dimension d. 
(2) depthA/uA>d- 1. 
(3) depth A > d - 1. 
(4) depth,I>d- 1. 
Pro05 Let t = depth A/uA and assume that t < d - 1. Then by the exact 
sequence 
(a) O+A/Z+uA+A/a2A-+A/uA+0, 
we get depth A/I + uA = t + 1 as depth A/a2A > d - 1 > depth A/aA = t. 
This yields that depth A/Z = t + 2 and that depth A/Z + u2A = t + 1 since a 
is regular on A/I. Let us consider the following exact sequences 
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(b) O+Z+A/a*A+A/Z+a*A -0, 
(c) O-rZ+A/aA -+A/Z+aA-,O, 
which come from the fact that Z n aA = (0). Then by (b) we see that 
depth, Z > t + 1 as min{ depth A/a*A, depth A/Z + a*A ) > t + 1 and hence we 
must have by (c) that depth A/uA > t + l-this is a contradiction. Therefore 
we conclude that depth A/uA 2 d - 1. 
Now the same argument as above immediately tells us that A/Z is a 
Cohen-Macaulay ring of dimension d and that depth,4 Z > d - 1. Finally 
consider the exact sequence 0 -+ Z + A + A/Z + 0 and we have that depth A > 
d - 1. This completes the proof of all our assertions. 
LEMMA 2.2. Let Z be an ideal of A. Assume that Z is a Cohen-Mucuulay 
A-module of dimension d - 1 and that A/Z is a Cohen-Mucuuluy ring of 
dimension d. Let u be an element of m such that dim A/uA = d - 1. Then 
A/aA is u Cohen-Mucuuluy ring of dimension d - 1 if al = (0). 
Prooj Recall that Ass, A/Z c Assh A and we find that a is A/Z-regular. 
Therefore UA n Z = (0) and so we obtain an exact sequence 
O+Z+A/uA+A/Z+uA-+O, 
which implies depth A/uA > d - 1. Thus A/uA is a Cohen-Macaulay ring. 
DEFINITION 2.3 121. Let K be an A-module. Then K is called the 
canonical module of A and denoted by K, if 
as A-modules. 
A Oa K % Hom,(Hd,(A), E, (A/m)) 
The canonical module of A is uniquely (up to A-isomorphisms) deter- 
mined by A if it exists. In case A is a homomorphic image of a Gorenstein 
local ring R, it is known that A has the canonical module K, = Ext;(A, R) 
(g = dim R - dim A) (cf. [2]). Various properties of canonical modules are 
discussed in 121. Here let us summarize some of them which we shall use 
later. 
PROPOSITION 2.4. Let A be a Cohen-Mucuuluy ring and assume that A 
has the canonical module K, . Let M be a finitely generated A-module. Then 
(1) K, is a Cohen-Mucuuluy A-module of dimension d. 
(2) There is a natural isomorphism 
A aA Ext:(M, KA) g Hom,(Hkei(M), E,(A/m)) 
of A-modules for every integer i. 
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(3) If M is a Cohen-Macaulay A-module of dimension s, then 
ExVmS(M, KA) is also a Cohen-Macaulay A-module of dimension s. 
PROPOSITION 2.5. Assume that A has the canonical module K,, and that 
depth A = d - 1. Then K, is a Cohen-Macaulay A-module of dimension d if 
~~~4(ff~?W~ -W/m)) IS a Cohen-Macaulay A-module of dimension 
Proof We may assume that A is complete. First consider the case d = 1 
and put A= A/Hi(A). Then K, = K, as H;(A) = H-,(z). Therefore, K,,, is a 
Cohen-Macaulay A-module of dimension 1 since A is a Cohen-Macaulay 
ring of dimension 1 (cf. (2.4)(l)). 
Now suppose that d > 2 and assume that our assertion is true for d - 1. 
Let us take an element a to be regular both on A and M = Hom,.r(Hd,- ‘(A), 
E,,,(A/m)) and apply functors Hi(.) to the exact sequence 
Then we get a long exact sequence 
0 + IId,-*(AlaA) + IId,-‘( IId,-‘(A) + IId,-‘(AlaA) 
-----t H;(A) A II;(A) + 0 
of cohomology. Let E = E,4(A/m). Take the E-dual of the above sequence 
and we have the following exact sequence: 
0 -----t K, A KA + KAlaa + M 4 M 
--) Hom,(Hd,p2(A/aA), E) ------t 0
finally. Then because a is M-regular by our choice, we may split this into 
two short exact sequences 
(a> 0 + K, -+’ Kq --) K,,,, + 0, 
(b) 0 + M+” M + Hom,(Hd,-*(A/aA), E) -+ 0. 
Now by (b) we see that Hom,(Hd,p2(A/aA),E) is a Cohen-Macaulay A- 
module of dimension d - 2 because M is a Cohen-Macaulay A-module of 
dimension d - 1 by our assumption. Hence by the hypothesis of induction on 
d we get that K,,,, is a Cohen-Macaulay A-module of dimension d - 1, 
which implies by (a) that K, is a Cohen-Macaulay A-module of dimension 
d. This completes the proof of Proposition 2.5. 
Proof of Theorem 1.1. (1) + (2). Let n > 0 be an integer such that 
0 : a” = 0 : a*” and replace a by a”. Then we immediately have assertion (2). 
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(2) + (3). We put I = 0 : a. Then by Lemma 2.1 we have that A/I is a 
Cohen-Macaulay ring of dimension d and that depth, I > d - 1. Recalling 
that dim, I < d - 1 as dim A/aA = d - 1 and as al = (0), we get that I is a 
Cohen-Macaulay A-module of dimension d - 1. 
(3) 3 (4) and the last assertion. We get depth A = d - 1 by the exact 
sequence 
O+I+A+A/I+O, 
and so we have only to prove that I = U,(O). 
First recall that Ass A c Ass, IU Ass, A/I, which implies that Assh A c 
Ass, A/I as Assh A n Ass,., I = 0. On the other hand, because A/I is a 
Cohen-Macaulay ring of dimension d, it is well known that Ass, A/I c 
Assh A. Hence we get that Ass, A/I = Assh A, from which the fact that 
I = U,(O) follows since IA, = U,(O) A, = (0) for every p E Assh A. 
(4) z. (1). Because depth A = d - 1 and depthA/U,A(0) =d we get 
depth, U,(O) > d - 1, by which we see that U,(O) is a Cohen-Macaulay A- 
module of dimension d - 1. Let us apply Lemma 2.2 to the situation 
I= U,(O). First take an element b of npEAssn,Asshap not contained in 
U gEAsshAP- Let to)= bASSA I(p) denote a primary decomposition of (0) 
in A. Then there certainly exists an integer t > 0 such that b’ E J, where .I = 
n pEAssA,Assha I(p). Now put a = b’ and we get au,,,(O) = (0) because 
U,(O) f’J = (0) by definition. Therefore by Lemma 2.2 we have that A/a”A 
is a Cohen-Macaulay ring of dimension d - 1 for every integer n > 0. 
(4) 3 (5). (a) This is trivial. 
(b) Let p E Assh A. Then the integral local domain A/p is a 
homomorphic image of a Cohen-Macaulay ring A/U,(O) and therefore A/p 
must be unmixed (cf. 141). 
(c) Applying functors Hi(.) to the exact sequence 
0 + U,(O) --f A + A/&(O) + 0, 
we get an isomorphism Hd,- ‘(U,(O)) E Hd,- ‘(A). Therefore, Horn, (Hi- ‘(A), 
E,(A/m)) E HomA(IId,-l(UA(0))r E,(A/m)) as a-modules and this implies 
that Hom,(H$-‘(A), E(A/m)) is a Cohen-Macaulay a-module of dimension 
d - 1 because U,(O) is a Cohen-Macaulay A-module of dimension d - 1 
(cf., e.g., Proposition 2.4(3)). 
(5) ~j (3). First we assume that A is complete. Hence we may express 
A = R/J with R a Gorenstein complete local ring of dimension d. Notice that 
K, = Hom,(A, R) in this situation (cf. [2]). 
Claim 1. The canonical map h: A + Hom,(Hom,(A, R), R)) is an 
epimorphism. 
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Proof. Let 0 + M + F J R + A + 0 be a presentation of the R-module A 
with F finitely generated and free. We put D(A) = Coker(R * J F*), where 
[. ] * stands for the R-dual. Then it is known that there is an exact sequence 
A 4 Hom,(Hom,(A, R), R) + Exti(D(A), R) + 0 
of R-modules (cf. [ 11). Therefore by Proposition 2.4(2) it suffices to show 
that depth, D(A) > d - 1. 
Now recall that depth, M = d since depth, A = d - 1 and we get by 
Proposition 2.4(2) that Extk(M, R) = (0) for every integer i > 0. This 
guarantees that the modules Extk(A, R) appear as the cohomology modules 
of the following complex 
O-R*aF*-M”+O-+.... 
Notice that Exti(A, R) = (0) as depth A = d - 1. Therefore we may split this 




where B = Imf* and Z = Ker(F* --f M*). Because M* is again a Cohen- 
Macaulay R-module of dimension d by Proposition 2.4(3) we get by (b) that 
so is Z. On the other hand, as Extk(A, R) = Hom,(Hd,-‘(A), E,(A/m)) (cf. 
Proposition 2.4(2)) we know by our standard assumption that ExtA(A, R) is 
a Cohen-Macaulay R-module of dimension d - 1. Hence we see 
depth, B = d by (c) and therefore we get by (a) that depth, D(A) > d - 1 as 
required. This completes the proof of Claim 1. 
Claim 2. Hom,(Hom,(A, R), R) is a Cohen-Macaulay A-module of 
dimension d. 
Proof. Since K, = Horn,@, R) is a Cohen-Macaulay A-module by 
Proposition 2.5 we get this claim by Proposition 2.4(3). 
Claim 3. Let Z = Ker(A +h Hom,(Hom,(A, R), R)). Then Z is a Cohen- 
Macaulay A-module of dimension d - 1. 
Proof By Claims 1 and 2 together with the exact sequence 
O-,Z+A+Hom,(Hom,(A,R),R)+O, 
we know that depth, Z> d - 1. Therefore, to prove the present claim it 
suffices to show that IA, = (0) for every p E Assh A. Let P be a prime ideal 
of R containing J and assume that p = P/J E Assh A. Then as dim RIP = d 
we get that R, is a Gorenstein local ring with dim R, = 0. Hence every 
220 SHIROGOTO 
finitely generated R,-module is reflexive. In particular, A, is a reflexive R,- 
module, which means that IA, = (0). This finishes the proof of the 
implication (5) * (3) in case A is complete. 
Now consider the general case. By the above argument we have already 
known that the completion A^ of A satisfies all the conditions of Theorem 1.1. 
In particular U,-(O) is a Cohen-Macaulay a-module of dimension d - 1. We 
put J = [O : U,(O)]a. 
Claim 4. dimA/JnA=d- 1. 
Proof. First notice that dim A/J n A > d - 1 since dim a/J = d - 1 and 
since a/J is a homomorphic image of A/(Jn A)a. Now assume that 
dim A/Jn A = d and choose p E Assh A so that p 3 Jn A. Then clearly 
p E Ass, A/J and therefore we can take an element P E Ass,- a/J so that 
p = Pn A. Notice that P E Ass,- U,-(O) as J = [0 : U,(O)]2 and we get that 
dima/P=d- 1. 
On the other hand, because P E Ass a, we may choose an element q of 
Ass A such that P E ASS~ A/qA. Clearly p = P n A 3 q and so we find that 
p = q since p is a minimal prime ideal of A. Therefore P E Ass,- A/pa and 
hence dimalP = d because A/p is unmixed by our assumption. But this 
contradicts the fact that dim a/P = d - 1 which we have already obtained 
above. Thus, we conclude that dim A/Jn A = d - 1. 
Now we get that J n A & UpEASSh ,., p. Let a be an element of J n A not 
contained in UpEASSh A p. Then dim A/aA = d - 1 and au,-(O) = (0) clearly. 
Therefore, by Lemma 2.2 we see that A/a’A is a Cohen-Macaulay ring for 
every integer it > 0. Of course this implies that A satisfies condition (1). This 
completes the proof of the implication (5) 3 (1) and we have proved 
Theorem 1.1. 
Proof of Corollary 1.2. This follows at once from Theorem 1.1 and 
Proposition 2.5. 
The following results also immediately come from Theorem 1.1. 
COROLLARY 2.6. Suppose that A is not a Cohen-Macaulay ring but a 
homomorphic image of a Cohen-Macaulay ring. Then the following 
conditions are equivalent. 
(1) A is an approximately Cohen-Macaulay ring. 
(2) (a) H;(A) = (0) for i # d - 1, d. 
(b) Hom,(Hd,- ‘(A), E, (A/m)) is a Cohen-Macaulay A-module of 
dimension d - 1. 
COROLLARY 2.1. A is an approximately Cohen-Macaulay ring if and 
only if A is approximately Cohen-Macaulay and A/p is unmixed for every 
pE AsshA. 
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COROLLARY 2.8. Assume that d = dim A > 2 and that H;(A) is a 
finitely generated A-module for all i # d. Then A is a Cohen-Macaulay ring 
if it is approximately Cohen-Macaulay. 
Remark 2.9. Even though the maximal ideal m contains an element a 
such that 0 : a = 0 : a2 and A/aA is a Cohen-Macaulay ring of dimension 
d - 1, A is not necessarily an approximately Cohen-Macaulay ring. For 
instance, let R = k(Ix, y, z, WI denote a formal power series ring over a field k 
and put A = R/P f7 Q, where P = (xw - yz, x3 - z2, w2 - xy2, zw - x’y) and 
Q = (y’, z, w). Then dim A = 2 and depth A = 1. U,(O) = PA in this case 
and A does not satisfy condition (4) of Theorem 1.1. (In fact, R/P is not a 
Cohen-Macaulay ring.) On the other hand, if we put a = w mod Pf7 Q, then 
0 : a = 0 : a2 and A/aA is a Cohen-Macaulay ring of dimension 1. 
3. THE TYPE OF A/a”A 
Let M be a Cohen-Macaulay A-module of dimension t. We put rA(M) = 
di%,l?l Ext:(A/m, M) and call it the type of M. Recall that, in case A is a 
Cohen-Macaulay ring, A is Gorenstein if and only if r(A) = 1. (Various 
properties of the invariant r,.,(M) are discussed also in 121.) 
In this section we will try to compute the type of the Cohen-Macaulay 
rings A/a”A for an approximately Cohen-Macaulay ring A. Namely, 
PROPOSITION 3.1. Let a be an element of m and assume that I = 0 : 
a = 0 : a* # (0). Suppose that A/a’A is a Cohen-Macaulay ring of 
dimension d - 1. Then 
(1) A/a”A is a Cohen-Macaulay ring for every integer n > 0. 
(2) Let n > 2 be an integer. Then 
r(A/a”A) = r,4(Z) + r(A/Z). 
ProoJ (1) By Lemma 2.1 we see that A/Z is a Cohen-Macaulay ring of 
dimension d and that I is a Cohen-Macaulay A-module of dimension d - 1. 
Thus the assertion comes from Lemma 2.2. 
(2) First we consider the case d = 1. Let f be the composite of the 
homomorphisms 
whereg(bmodI+aA)=a”-‘bmoda”A and h(bmoda”A)=bmodI+a”A 
for every b EA. 
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Claim. f is a monomorphism. 
In fact let b E A and assume that a”-’ b E I + a”A. Then we may express 
a”-’ + a”c E I for some c E A, which implies that b - ac E I, i.e., 
bEI+aA. 
By this claim we see that the induced homomorphism f*: Hom,(A/m, 
A/I + aA) -+ Hom,(A/m, A/I + a”A) is a monomorphism of vector spaces 
over A/m. Of course, the dimension dimAlm Hom,(A/m,A/I + aA) (resp. 
dim/urn Horn, (A/m, A/I + a”A)) of Hom,(A/m, A/I + aA) (resp. Horn, (A/m, 
A/I + a”A)) as a vector space over A/m is, by definition, the type of the 
Artinian local ring A/I + aA (resp. A/I + a”A). Therefore, they are equal to 
each other because r(A/I + aA) = r(A/I + a”A) = r(A/I). (Recall that a is 
A/I-regular. See also 12, 1.221.) Hence the mapf, is an isomorphism, which 
yields that h* : Horn, (A/m, A/a”A ) + Horn, (A/m, A/I + a”A) is an 
epimorphism. By this fact we obtain an exact sequence 
0 + Horn, (A/m, I) + Horn, (A/m, A/a”A) 
A Hom,(A/m, A/I + a”A) + 0 
of vector spaces, from which we have the required equality 
r(A/a”A) = r,(I) + r(A/I). 
Now consider the case d > 2 and let a = a,, a,,..., a_d be a system of 
parameters for A. We put J = (a,, a3 ,..., ad) and A = A/J. Then as 
a, , a, ,..., ad is a regular sequence of A/I we see that a = a, is regular on 
A/I + J, which implies that (I + J)/J = 10 : ajz= [0 : a2 I?. On the other 
hand, we get an exact sequence 
O+I/JI+A+A/I+J+O 
since Jf? I = JI. Therefore, we obtain by the case d = 1 that 
r(A/a”A + J) = rdI/JI) + r(A/I + J). 
Using the facts that r(A/a”A + J) = r(A/a”A), r#/JI) = r,(I) and 
r(A/I + J) = r(A/I) (cf. [2]. Recall that a,, a3,..., ad is a regular sequence of 
A/a”A, I, and A/I), we have that r(A/a”A) = rA(I) + r(A/I) as required. This 
completes the proof of Proposition 3.1. 
COROLLARY 3.2. The following conditions are equivalent. 
(1) A is a Gorenstein ring. 
(2) There is an element a of m such that A/a’A is a Gorenstein ring of 
dimension d - 1 and 0 : a = 0 : a2. 
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Proof. We have only to prove that (2) * (1). For this purpose it suffices 
to show that a is a regular element of A. Assume that Z = 0 : a # (0). Then 
by Proposition 3.1 we get that r(A/a*A) = T,~(Z) + r(A/Z) > 2-this is a con- 
tradiction. 
By this result we immediately have the following: 
COROLLARY 3.3. Suppose that there is an element a of m such that 
A/a”A is a Gorenstein ring of dimension d - 1 for every integer n > 0. Then 
A is a Gorenstein ring. 
We close this paper with the next proposition which gives a slight 
generalization of Corollary 3.3. 
PROPOSITION 3.4.’ The following conditions are equivalent. 
(1) A is a Gorenstein ring. 
(2) There exist elements a,, a, ,..., a, of A which can be extended to a 
system of parameters and such that for every integer n > 0 the ring 
A/(a:, a; . . . . . a:) is Gorenstein. 
Proof. (1) * (2). This is obvious. 
(2) 3 (1). Clearly we may assume that r = d. We put I, = (a: ,..., ai) 
and deal with the inductive system (A, = A/Z,,JY,}o<SG, of A-modules where 
the structure map f,,: A, + A, is defined by f,,(b mod I,) = (a, ... cld)’ --’ . 
b mod I,. Recall that Hi(A) = lir~, A, (cf. 121). We denote by f, the 
canonical map: A, + H;(A) = lim, A,Y. 
Now let z # 0 be an element of Hd,(A) and assume that mz = (0). Let us 
take a pair (y, s) where s > 0 is an integer and y E A, so that f,(y) = z. Then 
since my c Kerf, there is a sufficiently large integer t > s such that m-y is 
contained in Ker fst, and therefore we may assume that my = (0) after 
replacing (y, s) with (f,,(y), t). Similarly we may assume that s = 1 after 
replacing the system a, ,..., ad with ai ,..., ai. 
Claim 1. Let k and t be positive integers such that t < k. Then the map 
f,,: A, + A, is a monomorphism. 
Proof. We put y’ = f,,( y). Then y’ # 0 since f,( y’) = z # 0 and so we get 
that (0 : m),, = Ay’ as my’ = (0) and as A, is a zero-dimensional Gorenstein 
local ring by our standard assumption. This yields the fact that Kerf,, = (0) 
because frk( y’) # 0. 
Claim 2. ad is a non-zero-divisor of A. 
’ The formulation of this result was suggested by Vasconcelos. The author wishes to thank 
him for his fruitful discussion. 
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Proox Let b # 0 be an element of A such that a,b = 0 and choose an 
integer t>O so that b&Z,. Then we have thatf,,,+,(bmodZ,)=(a, ...ad). 
bmodZ,+, = 0, by which we get b E I, since f,,,, , is a monomorphism by 
Claim l-this is a contradiction. 
Claim 3. Let Z = (a,, a, ,..., ad- I ). Then ad is A/Z-regular. 
ProoJ: Let b E A and assume a,b E I. Then as (a, . *a ad) . b E 
(a:,..., a:-,) we get by the injectivity off,, that b E I,, i.e., bE I+ (ad). 
Now let t > 0 be an integer and suppose that b E Z + (a:). Let us express b = 
x+af,.y with xEZ and yEA. Then as a?’ . y E Z we see that 
(a, ..a ad)‘+’ . y is contained in (a{+*,..., ay-*,), which implies that 
y E Z + (ad) by the injectivity off,,,+*. This shows that b E Z + (a2 ‘). Thus 
b E n,,,,[Z + (a:)] and hence we get b E Z as required. 
Now back to the main proof. If d = 1, then A is a Gorenstein ring by 
Corollary 3.3. Assume that d > 2 and that our assertion is true for d - 1. Let 
t > 0 be an integer. Then by Claim 3 we see that ai is A/(a:, a:,..., a;- ,)- 
regular. (Notice that the system a:,..., a: has the same property as the 
system a, ,..., ad.) Therefore, for every integer t > 0, A/($ ,..., a&_,) is a 
Gorenstem ring and ad k A/(a{ ,..., ai- ,)-regular. We put A = A/a,A. Then 
because A/(a: ,..., a;-,)A is a Gorenstein ring for every integer t > 0, we get 
by the hypothesis of induction on d that A is a Gorenstein ring. This implies 
that A itself is a Gorenstein ring since ad is A-regular by Claim 2. This 
completes the proof of Proposition 3.4. 
EXAMPLE 3.5. (1) Every one-dimensional local ring is approximately 
Cohen-Macaulay. 
(2) Let R = k[X, Y, Zg b e a formal power series ring over a field k 
and put A = R/P n Q where P = (X) and Q = (Y, Z). Clearly dim A = 2 and 
depth A = 1. Let x = X mod P n Q. Then U, (0) = XA and A/xA is a Cohen- 
Macaulay ring. Thus by Theorem 1.1(4), A is approximately Cohen- 
Macaulay. If we put a = Z mod P n Q, then A/a”A is a Cohen-Macaulay 
ring of dimension 1 for every integer n > 0. r(A/aA) = 1 and r(A/a”A) = 2 
for n > 2 in this case. 
(3) Let A[Xl denote a formal power series ring. Then A[Xl is an 
approximately Cohen-Macaulay ring if and only if so is A. 
(4) Let R = k[X, Y, Z] be a formal power series ring over a field k. 
We put A = R/(X) n (Y’, Z’). Then A/Z*A is a one-dimensional complete 
intersection but A is not a Gorenstein ring. This example tells us that one 
cannot omit the condition 0 : a = 0 : a* in statement (2) of Corollary 3.2. 
(5) Let R be a Cohen-Macaulay local ring of dimension d and M a 
Cohen-Macaulay R-module of dimension d - 1. Let A = R K M denote the 
idealization of A4 over R. (Thus, the additive group of A coincides with the 
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direct sum of abelian groups R and A4 and the multiplication of A is given 
by (a, x)(b, y) = (ab, uy + bx). See also [4].) Then A is an approximately 
Cohen-Macaulay ring. In fact, let a be a regular element of R such that 
aM= (0). Then A/a”A = R/a”R K M and hence A/CPA is a Cohen- 
Macaulay ring of dimension d - 1 for every integer n > 0. In this case 
r(A/a”A) = r(R) + r&k’) 
for all n > 0. 
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